Abstract. Let T be a multigraded ring defined over a local ring (A, m). This paper deals with the question how the Cohen-Macaulay property of T is related to that of its diagonal subring T ∆ . In the bigraded case we are able to give necessary and sufficient conditions for the Cohen-Macaulayness of T . If I 1 , . . . , Ir ⊂ A are ideals of positive height, we can then compare the CohenMacaulay property of the multi-Rees algebra R A (I 1 , . . . , Ir) with the CohenMacaulay property of the usual Rees algebra R A (I 1 · · · Ir). We also obtain a bound for the joint reduction numbers of two m-primary ideals in the case the corresponding multi-Rees algebra is Cohen-Macaulay.
Introduction
Let (A, m) be a local ring. Let T = n∈N r T n be a multigraded ring finitely generated over A by elements in degrees (1, 0, . . . , 0), . . . , (0, . . . , 0, 1). In this paper we are interested in studying the relationship between the Cohen-Macaulay property of T and that of its diagonal subring T ∆ which is the graded ring T ∆ = n∈N T n,...,n . The geometric object associated to a multigraded ring T is the corresponding multiprojective scheme Proj T constructed by means of multihomogeneous localizations. It is easy to see that Proj T is isomorphic to the usual projective scheme Proj T ∆ . From this point of view it is natural to expect that the homological properties of T and T ∆ are closely related. Classically T is the multihomogeneous coordinate ring of a multiprojective variety V defined over a field k and contained in some multiprojective space P A class of multigraded rings of special interest to us is that of multi-Rees algebras. Let I 1 , . . . , I r ⊂ A be ideals of positive height. The multi-Rees algebra R A (I 1 , . . . , I r ) = A[I 1 t 1 , . . . , I r t r ] where t 1 , . . . , t r are indeterminates. Geometrically multi-Rees algebras arise by successive blowing up: Z j = Proj R A (I 1 , . . . , I j ) is for all j = 1, . . . , r the blow-up of Z j−1 = Proj R A (I 1 , . . . , I j−1 ) along the closed subscheme determined by the sheaf of ideals I j O Zj−1 . The diagonal subring is now the usual Rees algebra R A (I 1 · · · I r ) of the product I 1 · · · I r . We shall show in Corollary 2.10 of this paper that if R A (I 1 , . . . , I r ) is Cohen-Macaulay, then so is also R A (I 1 · · · I r ). This is a consequence of our main Theorem 2.5, where we give nec-
Preliminaries
We begin by recalling some basic facts about multigraded rings and modules. For more details we refer to [3] (cf. also [1] and [9] ). Let T = n∈Z r T n be an r-graded ring defined over a ring A = T 0 . We always assume that all rings are Noetherian. The ring T has certain subrings important to us. The diagonal subring of T is the graded ring T ∆ = n∈Z T n,...,n . For any j ∈ {1, . . . , r}, there is an r − 1-graded subring T (j) ...,0,... = nj =0 T n . If M is an r-graded T -module, we then have a graded T ∆ -module M ∆ = n∈Z M n,...,n and r − 1-graded T ...,0,... -modules M ...,k,... = nj =k M n (k ∈ Z). When T is N r -graded and A is local with the maximal ideal m, T has a unique homogeneous maximal ideal M = m ⊕ n =0 T n .
The homogeneous maximal ideals of T ∆ and T ...,0,... are then M ∆ and M ...,0,... respectively.
If A ⊂ T is a homogeneous ideal, the local cohomology functors H i A (·) are defined in the category of r-graded T -modules as usual. As T -modules r-graded local cohomology modules of course coincide with the usual ones. In many occasions it is useful to consider the ring T endowed with a different grading. Local cohomology modules behave well under a change of grading. To put this more precisely, given a homomorphism ϕ : Z r → Z q , set 
Proof. The above mentioned result implies that if T is considered as a graded S-
If T is N r -graded and can be finitely generated over A by elements in degrees (1, 0, . . . , 0), . . . , (0, . . . , 0, 1), we call T standard. Suppose from now on that T is standard. The irrelevant ideal of T is T + = n1,...,nr>0 T n . Also set T + j = nj>0 T n for all j = 1, . . . , r. Let ProjT denote the set of all homogeneous prime ideals P ⊂ T which do not contain T + . Consider Proj T as a topological space with closed subsets V + (I) = {P ∈ Proj T |P ⊃ I} where I ⊂ T is a homogeneous ideal. We give Proj T a scheme structure analogously to the usual graded case by using homogeneous localizations
We call T the r-projective scheme corresponding to T . The theory of multiprojective schemes is similar to that of projective schemes, which can be found in [4] . We therefore mainly list here some most important facts. Set Z = Proj T . There is a canonical projection Z → Spec A, which is a proper morphism. If M is an rgraded T -module, we have the associated quasi-coherent sheaf M of O Z -modules. The quasi-coherent sheaf corresponding to T (n) is invertible for every n ∈ Z r . We denote it by O Z (n). Moreover, we have
In the next lemma we consider the dimension of Z.
Lemma.

1) We have
Proof. Let P ∈ Z be a closed point. The projection Z → Spec A being proper, P 0 = P ∩ A is a closed point of Spec A. Then (T /P ) 0 is a field. Moreover, we have dim Proj T /P = 0. This implies that dim T /P = r: it is easy to check that 0 ⊂ S
r is a maximal chain of homogeneous prime ideals of S = T /P . Any maximal chain of homogeneous prime ideals of T starting from a minimal prime P 0 ∈ Z is then of type P 0 ⊂ · · · ⊂ P n ⊂ · · · ⊂ P n+r where P n is a closed point of Z. As dimZ = sup{ht P |P ∈ Z}, the formula dim Z = sup{dim T /P |P ∈ Z ∩ Min T } − r follows. Since T
. . , r) means that Z contains all minimal primes P of T with dim T /P = dim T . Then dim Z = dim T − r proving 1). In the case of 2) we always have above P 0 = 0 and P n+r = M. Since T is catenary, this implies for any closed point P ∈ Z that dim O Z,P = ht P = dim T − r = dim Z.
We can look at the scheme Z also from another point of view. Take j ∈ {1, . . . , r} and let Y denote the r − 1-projective scheme Proj T (j) ...,0,... . For every k ∈ N, let T k be the quasi-coherent O Y -module corresponding to the r − 1-graded T ...,0,... -module T ...,k,... . Then T = k≥0 T k is a quasi-coherent graded O Y -algebra so that we have an associated projective scheme Proj T . Recall that Proj T can be constructed by glueing together the schemes Proj k≥0 (T ...,k,... ) (b) where b ∈ T 1,...,1,0,1,...,1 .
It is now not difficult to see that it is possible to identify Proj T with Z. The corresponding canonical invertible sheaf on Z is O Z (0, . . . , 0, 1, 0, . . . , 0). Moreover, if g : Z → Y is the canonical projection, we have
There is for all n ∈ Z r a canonical homomorphism
Let a ⊂ A be an ideal. We want to compare the multigraded local cohomology with respect to the ideal (a, T + ) ⊂ T with the sheaf cohomology with supports in E = V + (aT ) ⊂ Z. To this purpose we need a multigraded variant of the so called Sancho de Salas sequence ( [14] ). First we prove the following lemma: 
It is easy to check that I P is an injective r-graded T P -module. The claim now follows from the fact that the category of r-graded T P -modules is equivalent to the category of T (P ) -modules. The equivalence is given by M → M 0 . Indeed, according to the r-graded version of [9, Proposition (12.17) ] 
...,0,... , we have a commutative diagram of r-graded T -modules
where F = V + (aS),n = (n 1 , . . . , n j−1 , n j+1 , . . . , n r ) and the homomorphisms
Proof. The construction of the multigraded Sancho de Salas sequence is analogous to that of the usual Sancho de Salas sequence. We recall this construction following an idea sketched in [14, p. 2] 
There is an affine morphism h : U → Z taking a prime ideal P ∈ U to its homogenization P * ∈ Z. If N is an r-graded T -module and N the corresponding quasi-coherent O Z -module, we clearly have h * ( N |U ) = n∈Z r N (n). Therefore
It follows, in particular, that Γ(U, N) is an r-graded T -module. Set Φ(N ) = n∈Z r N(n). This defines an exact functor Φ from the category of r-graded T -modules to the category of quasi-coherent O Z -modules. So there is an exact sequence
In the derived category of the category of r-graded T -modules the above exact sequence then gives an exact triangle
, we obtain the desired sequence by applying the functor RH 0 a and taking cohomology. In order to prove the second claim we first note that by setting Ψ(N ) = n∈Z r N nj (n) for every r-graded T -module N , we obtain an exact functor Ψ from the category of r-graded T -modules to the category of quasi-coherent O Y -modules. The module Γ(Y, Ψ(N )) has an obvious structure of an r-graded T -module. Moreover, the canonical homomorphisms 
of complexes of r-graded T -modules. This means that in the derived category we get a morphism of triangles
is the morphism of functors induced by θ = Γ F η. By taking the cohomology we obtain a diagram of desired type. It remains to check that the resulting homomorphisms
) factor in the right way. Consider the commutative diagram
are canonical morphisms of functors. As Rθ is the unique morphism of functors (RΓ F )Ψ → R(Γ F g * )Φ making the above diagram commutative, we see that it is equal to the composition
The cohomology maps corresponding to (RΓ F )g * Φ(M ) → (RΓ F )(Rg * )Φ(M ) are edge homomorphisms of the Grothendieck spectral sequence of the composite functor Γ F g * . This implies the claim, since these are well-known to be the homomor-
By choosing a = 0 we immediately obtain
Corollary. Let T be a standard r-graded ring and let M be an r-graded Tmodule. With the preceding notation, we have an exact sequence
and isomorphisms
We next note that the theorem of Serre about vanishing of sheaf cohomology has the following multigraded analogue (cf. [12, Lemma (4. 2)]): 
Theorem. Let T be a standard r-graded ring and let M be a finitely generated r-graded T -module. Let the notation be as above. If
n 1 , . . . , n r 0, we have Γ(Z, M(n)) = M n and H i (Z, M(n)) = 0 for i > 0.
Main results
In this section we want to give necessary and sufficient conditions for the CohenMacaulayness of a standard bigraded ring T = p,q≥0 T p,q defined over a local ring (A, m). Before proving our main Theorem 2.5 we are going to state several lemmata.
In the proof of Theorem 2.5 we shall make use of the multigraded Sancho de Salas sequence (Theorem 1.4). Working with sheaf cohomology on the schemes Proj T and Proj T ·,0 , Proj T 0,· respectively, we need the following general fact about vanishing of the higher direct-image sheaves.
Lemma. Let f : X → Y be a proper morphism of schemes of finite type over a ring
Proof. Consider the Leray spectral sequence
Note that by the projection formula
for all p > 0 and q < i when n > n 1 . The Leray spectral sequence therefore gives
for n > max(n 0 , n 1 ). This implies that R i f * F = 0 as wanted. Conversely, if R i f * F = 0 for all i > 0, the Leray spectral sequence degenerates. By using the theorem of Serre again, we can then find n 0 ∈ N such that
We also need to consider the local cohomology with respect to the ideal
where M is the homogeneous maximal ideal of T .
Lemma. Let T be a bigraded ring defined over a ring
. We can now write
where
This implies the claim, because Proof. Given an ideal b ⊃ a, it is immediately clear from the spectral sequence 
Lemma. Let R be a graded ring defined over a local ring
where a ∈ Z and E S (k) is the graded injective envelope of the residue field k of B.
for all n ∈ Z. The assumption thus implies that [Ext 
By using the local duality again, we then get that [H 
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As [H i R + (M )] n is a finitely generated A-module, this means that it must have finite length. But then the spectral sequence T be a bigraded ring defined over a local ring (A, m) . Let M be the homogeneous maximal ideal of 
Lemma. Let
T . Set M + = (m, T + ) ⊂ T . Let M be a finitely generated bigraded T -module. Then [H i M + (M )] p,q = 0for all p, q ≥ 0 and i ≥ 0 if and only if [Hi T + (M )] p,q = 0 for all p, q ≥ 0 and i ≥ 0. Proof. Set Q = T ∆ , N = M ∆ and let N k = (M(k, 0)) ∆ (k ∈ Z). According to Lemma 2.2 we have [H i M + (M)] p,q = [H i M (N p−q )] q . It follows that [H i M + (M )] p,q = 0 for p, q ≥ 0 and i ≥ 0 is equivalent to [H i N (N k )] q = 0 for k ∈ Z, q ≥ max(0,−k) and i ≥ 0. By Lemma 2.3 this is further equivalent to [Hi Q + (N k )] q = 0 for k ∈ Z,q ≥ max(0, −k) and i ≥ 0. By using Lemma 2.2 again we see that this is the same as [Hi M + (T )] p,q = 0 if p, q ≥ 0 or p, q < 0 and i < d + 1, b) [H d+1 M+ (T )] p,q = 0 if p, q ≥ 0; 3) a) [H i M ∆ ((T (p, 0)) ∆ )] q = 0 if p ≥ 0, q / ∈ {−p, . . . , −1} and i < d + 1, b) [H i M ∆ ((T (0, q)) ∆ )] p = 0 if q ≥ 0, p / ∈ {−q, . . . , −1} and i < d + 1, c) [H d+1 M ∆ ((T (p, 0)) ∆ )] q = 0, [H d+1 M ∆ ((T (0, q)) ∆ )] p = 0 if p, q ≥ 0; 4) a) The homomorphism T p,q → Γ(Z, O Z (p, q)) is an isomorphism for p, q ≥ 0, b) H i (Z, O Z (p, q)) = 0 if p, q ≥ 0 and i > 0, c) H i E (Z, O Z (p, q)) = 0 if p, q < 0 and i < d.
It follows, in particular, that if T is Cohen-Macaulay, then so is
Proof. 1) ⇔ 2) Set M 
This implies that H i M (T ) = 0 for i < d + 2 if and only if the homomorphism H
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for p ≥ −p and i > 0. We can then use Lemma 2.1 to obtain R i g * (O Z (p, q)) = 0 for i > 0. This implies that the Leray spectral sequence
are thus isomorphisms for all p ∈ Z, q ≥ 0 and i ≥ 0. Let T q denote the quasicoherent O Y -module corresponding to T ·,q (q ≥ 0). Also the canonical homomorphism T q (p) → g * (O Z (p, q) ) is now an isomorphism for p ∈ Z and q ≥ 0. q) ) mentioned in Theorem 1.4 are isomorphisms for all p ∈ Z, q ≥ 0 and i ≥ 0. Combined with the five lemma Theorem 1.4 then implies that the homomorphism
)). It follows that the homomorphisms
is an isomorphism for all p ∈ Z, q ≥ 0 and i ≥ 0. Similarly, the homomorphism This last remark follows from 3). Note that by the Mayer-Vietoris sequence we have
2.6. Remark. Note the general fact that
If T is Cohen-Macaulay, it comes out from the proof of Theorem 2.5 that 
Corollary. Let A be a local ring of dimension d and let I, J ⊂ A be ideals of positive height. Let N be the homogeneous maximal ideal of R A (IJ). Then R A (I, J) is Cohen-Macaulay if and only if the following conditions hold:
Proof. The claim will follow from Theorem 2.5 3) if we can show that condition 3) c) holds in this case. Set Q = R A (IJ). Let p ≥ 0. There is an exact sequence
of graded Q-modules. The corresponding long exact sequence of cohomology gives us an epimorphism
By Lemma 2.7 this implies [H
2.9. Example. Let A be a local ring of dimension d and let I ⊂ A be an ideal of positive height. Put T = R A (I, I), R = R A (I) and Q = R A (I 2 ). Let M and N be the homogeneous maximal ideals of R and Q respectively. Let p ≥ 0. Noting that I p Q equals to the Veronesian (I p R) (2) we get (cf. [9, Proposition (47.5)]) for all
where the last step comes from the cohomology sequence corresponding to the exact sequence We now obtain from Lemma 2.7 and Theorem 2. 
Proof. Consider Z as a closed subscheme of some multiprojective space P = P N1 B × B · · · × B P Nr B . Let I be the ideal sheaf of Z in P . According to the "local-global duality" of Lipman [13, Theorem p. 188]
where ω P is the dualizing sheaf of P . By using Theorem 1.6 we obtain from the spectral sequence of local to global Ext that if n 1 , . . . , n r 0, then
0. This being in turn equivalent to
Taking into account Lemma 1.2 we see that 1) and 2) are equivalent.
Theorem. Let (A, m) be a local ring and let I, J ⊂ A be ideals of positive height. Set
Proof. We may assume that A is complete. Set T = R A (I, J), Z = Proj T and 
we also see that the homomorphism A → Γ(Z, O Z ) is an isomorphism. By Theorem 1.6 we know that the homomorphism Finally, we also want to mention the following application of Theorem 2.5. Proof. Set T = S/I. We want to apply Theorem 2.5. As ht I < min(r, s), we have dim T ≥ 2 and dim T 0,· , dim T ·,0 < dim T . Therefore we need to show that a 1 (T ) < 0 and a 2 (T ) < 0. Consider, for example, the latter inequality. Let M be the homogeneous maximal ideal of S. j = 1, . . . , s) . Moreover, we know that R R (A) is Cohen-Macaulay. Theorem 2.14 now says that if (s − 1)d < r, then the diagonal subring (S/I) ∆ is also CohenMacaulay. In the case A is a field we recover here a result of Simis, Trung and Valla (cf. [19] ).
Theorem. Let S =
If (s − 1)d ≥ r, it may happen that (S/I) ∆ is not Cohen-Macaulay. Suppose, for example, that A = k is a field, r = 2 and
and
we see that
. This is the homogeneous coordinate ring of the twisted quartic curve in P 3 , which is well-known to be a non-Cohen-Macaulay ring.
3. An application to the joint reduction numbers Let T be a standard bigraded ring defined over a local ring. Let z 1 , . . . , z λ ∈ T be homogeneous elements. In analogy with the usual graded case (cf. [20] ) we say that the sequence (z 1 , . . . , z λ ) is filter-regular if
. This is clearly equivalent to
λ).
Recall that a graded ring defined over a local ring is said to be generalized CohenMacaulay if its localization at the homogeneous maximal ideal is a generalized Cohen-Macaulay ring. For information about generalized Cohen-Macaulay rings we refer to [18] and [9] . Proof. Let i ∈ {1, . . . , λ}. It is enough to show that If (z 1 , . . . , z i ) P = (1), we are done. Assume thus (z 1 , . . . , z i ) P = (1). The localization (T ∆ ) P ∆ is now Cohen-Macaulay. Since T ∆ is equidimensional and catenary, (z 1 /1, . . . , z i /1) must be a part of a system of parameters of (T ∆ ) P ∆ . Therefore it is also a regular sequence. Recall that for any standard r-graded ring T and a homogeneous prime ideal P ⊂ T, T P ∼ = (T (P ) [t 1 , . . . , t r ]) P , where t 1 , . . . , t r are indeterminates and P = P (P ) T (P ) [t 1 , . . . , t r ] (cf. [9, Corollary (12.18) ] for the case r = 1). Choose s ∈ T 1,1 , s / ∈ P . Then also (z 1 /s, . . . , z i /s) is a regular sequence in (T ∆ ) P ∆ . Since (T ∆ ) (P ∆ ) → (T ∆ ) P ∆ is a faithfully flat extension, it is a regular sequence also in (T ∆ ) (P ∆ ) = T (P ) . Because T (P ) → T P is a faithfully flat extension, it follows that (z 1 /s, . . . , z i /s) and so also (z 1 /1, . . . , z i /1) are regular sequences in T P . This proves the first assertion. The second one follows from the fact that if (x 1 y 1 /1 We next recall certain definitions from [11] . Let us say that an ideal A ⊂ T is irrelevant if A p,q = T p,q for p, q 0. Suppose x 1 , . . . , x λ ∈ T 1,0 and y 1 , . . . , y λ ∈ T 0,1 . The set {x 1 , . . . , x λ , y 1 , . . . , y λ } is called a complete reduction of T if the ideal (x 1 y 1 , . . . , y λ y λ ) ⊂ T is irrelevant. A joint reduction of type (µ, ν) (µ + ν = λ) is a set {u 1 , . . . , u µ , v 1 , . . . , v ν } with u 1 , . . . , u µ ∈ T 1,0 and v 1 , . . . , v ν ∈ T 0,1 such that the ideal (u 1 , . . . , u µ , v 1 Proof. Consider first any filter-regular sequence (z 1 , . . . , z λ ) on T consisting of homogeneous elements. Suppose that z j is of degree (p j , q j ). Set T j = T /(z 1 , . . . , z j−1 ) (j = 1, . . . , λ + 1). We have for j = 1, . . . , λ the exact sequences
Lemma. Let
((z 1 , . . . , z i−1 ) : z i ) P = (z 1 , . . . , z i−1 ) P for P ∈ Proj T .0 → K j → T j → T j /K j → 0 and 0 → T j /K j (−p j , −q j ) ·zj − − → T j → T j+1 → 0
